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a  b  s  t  r  a  c  t
The  Idaho  National  Laboratory  (INL) has  been  engaged  in  a signiﬁcant  multiyear  effort  to modernize
the  computational  reactor  physics  tools  and  validation  procedures  used  to support  operations  of  the
Advanced  Test  Reactor  (ATR)  and its companion  critical  facility  (ATRC).  Several  new  protocols  for  vali-
dation  of  computed  neutron  ﬂux  distributions  and  spectra  as well  as  for validation  of computed  ﬁssion
power  distributions,  based  on new  experiments  and  well-recognized  least-squares  statistical  analysis
techniques,  have  been  under  development.  In the  case  of power  distributions,  estimates  of the a priori
ATR-speciﬁc  fuel  element-to-element  ﬁssion  power  correlation  and  covariance  matrices  are  required
for validation  analysis.  A practical  method  for generating  these  matrices  using  the  element-to-element
ﬁssion  matrix  is  presented,  along  with  a high-order  scheme  for estimating  the  underlying  ﬁssion  matrix
itself.  The  proposed  methodology  is illustrated  using  the  MCNP5  neutron  transport  code  for  the  required
neutronics  calculations.  The  general  approach  is  readily  adaptable  for implementation  using any  multi-
dimensional  stochastic  or  deterministic  transport  code  that offers  the  required  level  of  spatial,  angular,
and  energy  resolution  in the computed  solution  for  the  neutron  ﬂux  and  ﬁssion  source.
©  2015  The  Authors.  Published  by  Elsevier  B.V.  This  is  an  open  access  article  under the  CC  BY-NC-ND. Introduction
The Idaho National Laboratory (INL) has initiated a focused effort
o upgrade legacy computational reactor physics software tools and
rotocols used for support of Advanced Test Reactor (ATR) core fuel
anagement, experiment management, and safety analysis. This
s being accomplished through the introduction of modern high-
delity computational software and protocols, with appropriate
eriﬁcation and validation (V&V) according to applicable national
tandards. A suite of well-recognized stochastic and deterministic
ransport theory based reactor physics codes and their supporting
uclear data libraries (HELIOS (Studsvik Scandpower, 2008), NEWT
DeHart, 2006), ATTILA (McGhee et al., 2006), KENO6 (Hollenbach
t al., 1996) and MCNP5 (Goorley et al., 2004)) is in place at the
NL for this purpose, and corresponding baseline models of the ATR
nd its companion critical facility (ATRC) are operational. Further-
ore, a capability for rigorous sensitivity analysis and uncertainty
uantiﬁcation based on the TSUNAMI (Broadhead et al., 2004)
ystem has been implemented and initial computational results
ave been obtained. Finally, we are also incorporating the MC21
∗ Corresponding author. Tel.: +1 208 526 4257.
E-mail address: joseph.nielsen@inl.gov (J.W. Nielsen).
ttp://dx.doi.org/10.1016/j.nucengdes.2015.07.049
029-5493/© 2015 The Authors. Published by Elsevier B.V. This is an open access article 
/).license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
(Sutton et al., 2007) and SERPENT (Leppänen, 2012) stochastic sim-
ulation and depletion codes into the new suite as additional tools
for V&V in the near term and possibly as advanced platforms for
full 3-dimensional Monte Carlo based fuel cycle analysis and fuel
management in the longer term.
On the experimental side of the effort, several new benchmark-
quality code validation measurements based on neutron activation
spectrometry have been conducted at the ATRC. Results for the ﬁrst
three experiments, focused on detailed neutron spectrum mea-
surements within the Northwest Large In-Pile Tube (NW LIPT)
were recently reported (Nigg et al., 2012a) as were some selected
results for the fourth experiment, featuring neutron ﬂux spectra
within the core fuel elements surrounding the NW LIPT and the
diametrically opposite Southeast IPT (Nigg et al., 2012b). In the
current paper we focus on computation and validation of the fuel
element-to-element power distribution in the ATRC (and by exten-
sion the ATR) using data from an additional, recently completed,
ATRC experiment. In particular we present a method developed
for estimating the covariance matrix for the ﬁssion power dis-
tribution using the corresponding ﬁssion matrix computed for
the experimental conﬁguration of interest. This covariance matrix
is a key input parameter that is required for the least-squares
adjustment validation methodology employed for assessment of
the bias and uncertainty of the various modeling codes and
techniques.
under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.
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tFig. 1. Core and reﬂector geometry of the Advanced Test Reactor. References to
. Facility description
The ATR (Fig. 1) is a light-water and beryllium moderated, beryl-
ium reﬂected, light-water cooled system with 40 fully-enriched
93 wt% 235U/UTotal) plate-type fuel elements, each with 19 curved
uel plates separated by water channels. The fuel elements are
rranged in a serpentine pattern as shown, creating ﬁve separate
-element “lobes”. Gross reactivity and power distribution control
uring operation are achieved through the use of rotating con-
rol drums with hafnium neutron absorber plates on one side.
he ATR can operate at powers as high as 250 MW with corre-
ponding thermal neutron ﬂuxes in the ﬂux traps that approach
.0 × 1014 N/cm2 s. Typical operating cycle lengths are in the range
f 45–60 days.
The ATRC is a nearly-identical open-pool nuclear mockup of the
TR that typically operates at powers in the range of several hun-
red watts. It is most often used with prototype experiments to
haracterize the expected changes in core reactivity and power dis-
ribution for the same experiments in the ATR itself. Useful physics
ata can also be obtained for evaluating the worth and calibration of
ontrol elements as well as thermal and fast neutron distributions.. Computational methods and models
Computational reactor physics modeling is used extensively
o support ATR experiment design, operations and fuel cycleobes and in-pile tubes are with respect to reactor north, at the top of the ﬁgure.
management, core and experiment safety analysis, and many other
applications. Experiment design and analysis for the ATR has been
supported for a number of years by very detailed and sophisticated
three-dimensional Monte Carlo analysis, typically using the MCNP5
code, coupled to extensive fuel isotope buildup and depletion anal-
ysis where appropriate. On the other hand, the computational
reactor physics software tools and protocols currently used for ATR
core fuel cycle analysis and operational support are largely based on
four-group diffusion theory in Cartesian geometry (Pfeifer, 1971)
with heavy reliance on “tuned” nuclear parameter input data. The
latter approach is no longer consistent with the state of modern
nuclear engineering practice, having been superseded in the gen-
eral reactor physics community by high-ﬁdelity multidimensional
transport-theory-based methods. Furthermore, some aspects of the
legacy ATR core analysis process are highly empirical in nature,
with many “correction factors” and approximations that require
very specialized experience to apply. But the staff knowledge from
the 1960s and 1970s that is essential for the successful applica-
tion of these various approximations and outdated computational
processes is rapidly being depleted due to personnel turnover and
retirements.
Fig. 2 shows the suite of new tools mentioned earlier, how they
generally relate to one another, and how they will be applied to
ATR. This illustration is not a computational ﬂow chart or proce-
dure per se.  Speciﬁc computational protocols using the tools shown
in Fig. 2 for routine ATR support applications will be promulgated
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Fig. 2. Advanced computational tool suite for the ATR and ATRC, with supporting veriﬁcation, validation and administrative infrastructure.
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eFig. 3. ATR Fuel element geometry, showing standard ﬁssion wir
n approved procedures and other operational documentation. The
ost recent release of the Evaluated Nuclear Data Files (ENDF/B
ersion 7) is generally used to provide the basic cross section
ata and other nuclear parameters required for all of the model-
ng codes. The ENDF physical nuclear data ﬁles are processed into
omputationally-useful formats using the NJOY or AMPX (Radiation
afety Information Computational Center, 2010) codes as applica-
le to a particular module, as shown at the top of Fig. 2.
. Validation measurementsIn the new validation experiment of interest here, activation
easurements that can be related to the total ﬁssion power of
ach of the 40 ATRC fuel elements were made with ﬁssion wiresitions used for intra-element power distribution measurements.
composed of 10% by weight 235U in aluminum. The wires were
1 mm  in diameter and approximately 0.635 cm (0.25′′) in length
and were placed in various locations within the cooling channels of
each fuel element as shown in Fig. 3, at the core axial midplane. The
total measured ﬁssion powers for the fuel elements are estimated
using appropriately-weighted sums of the measured ﬁssion rates
in the U/Al wires located in each element (Durney and Kaufman,
1967).
Fig. 4 shows the computed a priori (MCNP5) ﬁssion powers
for the 40 ATRC fuel elements, along with the measured element
powers based on the ﬁssion wire measurements. The top num-
ber (black) in the center of each element is the a priori element
power (W)  calculated by MCNP5. The bottom number (red) is the
measurement. Total measured power was 875.5 W.  Uncertainties
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ssociated with the measured element powers are approximately
% (1). The powers for the ﬁve 8-element ATR core “lobes” are also
ey operating parameters and are formed by summing the powers
f Elements 2–9 for the Northeast Lobe, Elements 12–19 for the
outheast Lobe, Elements 22–29 for the Southwest Lobe, Elements
2–39 for the Northwest Lobe and Elements 1, 10, 11, 20, 21, 30,
1, and 40 for the Center Lobe. The signiﬁcance of the lobe powers
ill be discussed in more detail later.
. Power distribution adjustment protocol
Analysis of the computed and measured power distribution
or code validation purposes is accomplished by an adaptation of
tandard least-squares adjustment techniques that are widely used
n the reactor physics community (ASTM, 2008). The least-square
ethodology is quite general, and can be used to adjust any vector
f a priori computed quantities against a vector of corresponding
easured data points that can be related to the quantities of inter-
st through a matrix transform. This produces a “best estimate” of
he quantities of interest and their uncertainties, which can then
e used to estimate the bias, if any, and the uncertainty of the
omputational model, and as a tool for improving the model as
ppropriate.In the following description of the adjustment equations used
n this work, matrix and vector quantities will generally be indi-
ated by bold typeface. In some cases, matrices and vectors will
e enclosed in square brackets for clarity. The superscripts, “−1”ressurized Run Support Test 12-5. The fuel element numbers are in bold type.
and “T”, respectively, indicate matrix inversion and transposition,
respectively.
We begin the mathematical development by constructing the
following overdetermined set of linear equations:
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
a11 a12 a13 · · · · · · a1,NE
a21 a22 a23 · · · · · · a2,NE
...
...
...
...
aNM,1 aNM,2 aNM,3 · · · · · · aNM,NE
1 0 0 · · · · · · 0
0 1 0 · · · · · · 0
0 0 1 · · · · · · 0
...
...
...
...
...
...
...
...
0 0 0 · · · · · · 1
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
•
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
P1
P2
P3
...
...
...
PNE
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Pm1
Pm2
...
PmNM
P01
P02
P03
...
...
P0NE
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= [A] [P] = [Z] (1)and the supporting deﬁnition
[Cov (Z)] =
[
[Cov (Pm)] [0]
[0] [Cov (P0)]
]
, (2)
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here NE is the total number of fuel elements (i.e. 40 for ATR) and
M is the number of these elements for which element power mea-
urements have been made. NM is typically a number between 1
nd NE although multiple power measurements for the same fuel
lements may  optionally be included if available, possibly caus-
ng NM to be greater than NE. The vector P is the desired best
east-squares estimate for the powers of all 40 fuel elements, the
ector Pm (the ﬁrst NM entries in [Z]) contains the NM measured
owers and the vector P0 (the last 40 entries in [Z]) contains the
0 a priori estimates, P0i for the element powers, extracted from
he computational model of the validation experiment conﬁgura-
ion. The top NM rows of the matrix A each contain entries ai,j that
re equal to zero except for the column corresponding to the ele-
ent for which the measurement on the right-hand side in that
ow was made, where the entry would be 1.0. The bottom 40
ows of the matrix A correspond to the rows of a 40 × 40 identity
atrix.
Note that the formulation described by Eq. (1) varies from that
f several other least-squares adjustment algorithms used in reac-
or physics in the sense that the parameters in the matrix on the
eft-hand side are all constants. This is a simpliﬁcation in that there
re no adjustable parameters (e.g. nuclear cross sections) on the
eft hand side that can be manipulated within their uncertainties
o produce statistical consistency in a least-squares sense between
he computed a priori power vector and the measured power vector.
asically Eq. (1) may  be thought of as a methodology for adjusting
he a priori power vector and the measurement vector (within their
espective uncertainties) directly to the same best-estimate fuel
lement power vector P, which thereby contains all of the avail-
ble information about the a priori and measured power vectors
nd their corresponding covariance matrices. The methodology
lso enables a mathematically valid adjustment of the entire a pri-
ri element power vector and computation of associated reduced
ncertainty for all of the fuel elements even if measurements are
ot available for some of the fuel elements. This as a result of the
ay that the a priori covariance matrix (described further below)
an serve as an interpolating function as well as a statistical weight-
ng function in the adjustment (Williams, 2012).
Eq. (2) includes the NM × NM and NE × NE covariance matrices
or the measured power vector and for the a priori power vector,
espectively. The numerical entries for [Cov(Pm)] are based on the
eported uncertainties of the experimental data in the usual man-
er. The covariance matrix [Cov(P0)] for the a priori power vector is
undamental to the simpliﬁed adjustment methodology described
ere. It may  be computed explicitly (at least the diagonal elements)
y propagating all of the computational model uncertainties (i.e.
ncertainties associated with the nuclear data, component dimen-
ions, material compositions and densities, etc.) through to the
omputed power vector using various established techniques. On
he other hand, and with many simplifying assumptions that may  or
ay  not be appropriate, [Cov(P0)] can also be approximated based
n the assumption of an element-to-element ﬁssion power correla-
ion function that decreases exponentially with distance between
ny two elements, normalized to the estimated variances of the
omputed powers based on historical experience and engineering
udgment.
However, it may  not always be practical to compute the full a
riori covariance matrix explicitly by propagating all of the input
ncertainties but, at the same time, a simple exponential approx-
mation for the off-diagonal entries may  not be well suited for
omputing the fuel element power correlation matrix needed to
onstruct [Cov(P0)] in Eq. (2). For any of several physical reasons
he fuel element power correlation matrix for a particular facility
ay  have a more complex structure than the simple diagonally-
ominant arrangement that an exponential formula provides.
onetheless, the availability of an accurate, realistic power and Design 295 (2015) 615–624 619
correlation matrix is a crucial prerequisite for the successful appli-
cation of the least-squares methodology (Williams, 2012).
To address this issue, we  introduce an intermediate methodol-
ogy for obtaining [Cov(P0)] for ATR applications based on the ﬁssion
matrix concept, further described below. The method features the
ability to incorporate explicit calculations or to use engineering
estimates for the diagonal entries of [Cov(P0)] while still represent-
ing the off-diagonal entries realistically, but signiﬁcantly reducing
the computational effort required, offering the possibility of efﬁ-
cient real-time online validation data assimilation. This approach
was required for ATR because of the complex serpentine core
arrangement.
5.1. Calculation of the ATR/ATRC ﬁssion matrix
Each entry, fi,j, of the so-called “Fission Matrix”, F for a criti-
cal system composed of a speciﬁed number of discrete ﬁssioning
regions is deﬁned as the number of ﬁrst-generation ﬁssion neu-
trons born in region i due to a parent ﬁssion neutron born in region
j (Carter and McCormick, 1969). The index i corresponds to a row
of the ﬁssion matrix and the index j corresponds to a column. In
the case of the ATR and the ATRC application of interest here the
ﬁssioning regions are deﬁned to correspond to the fuel elements,
so the ﬁssion matrix has dimensions of 40 × 40.
Assume now that the exact space, angular and energy distribu-
tion of the parent ﬁssion source neutrons within each fuel element
is known from a detailed high-ﬁdelity transport calculation and
that this information is incorporated into the formation of F. Then
construct the following eigenvalue equation:
S =
(
1
k
)
FS, (3)
where S is the suitably-normalized 40-element fundamental mode
vector of total ﬁssion source neutrons produced in each of the 40
fuel elements and k is the fundamental mode multiplication factor.
Under these conditions the solution to Eq. (3) will be the same as is
obtained by performing the corresponding high-ﬁdelity transport
calculation for the same conﬁguration and integrating the resulting
ﬁssion source over each fuel element. Of course, if one already has
the solution for the detailed high-ﬁdelity transport model then Eq.
(3) does not provide any new information, but the ﬁssion matrix
concept can still be very useful and instructive. In particular, there
has been a great deal of effort over the years focused on acceleration
of Monte Carlo calculations using ﬁssion matrix based techniques,
with certain assumptions to simplify the estimation of the ﬁssion
matrix elements as the calculation proceeds, without fully solv-
ing the high-ﬁdelity problem explicitly beforehand (Carter and
McCormick, 1969; Kitada and Takeda, 2001; Dufek and Gudowski,
2009; Wenner and Haghighat, 2011; Carney et al., 2012).
In the ATR application presented here we  employ a ﬁssion
matrix based approach to determine the fuel element to element
ﬁssion power correlation matrix and thereby the associated covari-
ance matrix [Cov(P0)] that is required in Eq. (2). The example uses
the MCNP5 code for the required computations, but in principal
the idea should be amenable to implementation using any multidi-
mensional deterministic or stochastic transport solution method,
provided that a sufﬁcient level of spatial, angular, and energy res-
olution can be achieved in the detailed transport solution needed
for an accurate calculation of the ﬁssion matrix.
In the case of the ATR and ATRC, the fuel element geometry
(Fig. 3) is represented essentially exactly in MCNP5. Each fuel plate
has a separate region for the homogeneous uranium–aluminum ﬁs-
sile subregion and the adjacent aluminum cladding subregions on
each side of the fueled layer. Burnable boron poison is also explicitly
represented in the fuel plates where it is present. Coolant channels
between the plates are explicitly represented, as are the aluminum
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ide plate structures. The active fuel height is 1.2192 m (48′′) and
he elements have essentially the same transverse geometric struc-
ure at all axial levels within the active height. Each fuel element
ontains 1075 g of 235U.
High-ﬁdelity computation of the ﬁssion matrix with MCNP5
or with any other Monte Carlo code that features similar capa-
ilities) for this particular application is accomplished in two
asily-automated steps as follows:
First, run a well-converged fundamental-mode eigenvalue (“K-
ode” in MCNP5 parlance) calculation for the ATR or ATRC
onﬁguration of interest. Save the detailed volumetric ﬁssion neu-
ron source information that includes all ﬁssion neutrons starting
rom within each fuel element. The absolute spatial, angular, and
nergy distribution of the ﬁssion neutrons born in each fuel element
ust be fully speciﬁed in the source ﬁle data for that element.
Second, using the ﬁssion neutron source ﬁle information cre-
ted as described above, run a set of 40 corresponding ﬁxed-source
CNP5 calculations for the same reactor conﬁguration of inter-
st, one separate well-converged calculation for each fuel element
ssion neutron source separately. These calculations are run with
ssion neutron production turned off using the “NONU” input
arameter. Fissions induced by the original ﬁssion source neutrons
ampled from the source ﬁle are thereby treated as capture in the
ense that no additional ﬁssion neutrons are produced to be fol-
owed in subsequent histories. The “ﬁssion” rate that is tallied in
his manner for each fuel element in a given MCNP ﬁxed-source cal-
ulation thus includes only the ﬁrst-generation ﬁssions induced in
hat element by the original source neutrons emitted by the source
uel element that was active for that calculation. Multiplying this
uantity for each fuel element in a given MCNP calculation by the
verage number of neutrons per ﬁssion and then dividing the result
y the absolute magnitude of the original ﬁssion neutron source
ssociated with the active fuel element then yields the column of
he ﬁssion matrix corresponding to that source fuel element.
Substitution of the ﬁssion matrix from the above process into
q. (3) should reproduce (within the applicable statistical uncer-
ainties) the eigenvalue and the fuel element-to-element ﬁssion
eutron production distribution of the original MCNP K-Code cal-
ulation. Once this is veriﬁed, the ﬁssion matrix is ready for use in
enerating the required fuel element ﬁssion correlation matrix as
escribed below.
.2. Construction of the ﬁssion covariance matrix
To begin the ﬁssion covariance matrix development, we  make
 key facilitating assumption that the average number of neutrons
roduced per ﬁssion is the same for all of the ﬁssioning regions in
he model. This is reasonable for the ATRC experiment of interest
ere because all 40 fuel elements were identical and unirradiated.
urthermore, MCNP calculations show that the neutron spectrum
oes not vary from one ATRC fuel element to the next in a manner
hat signiﬁcantly affects the ratio of 238U ﬁssions to 235U ﬁssions.
herefore in this case each entry, fi,j, of the ﬁssion matrix also can
e interpreted as the number of ﬁrst-generation daughter ﬁssions
nduced (or corresponding ﬁssion energy released) in each region i
ue to a parent ﬁssion occurring in region j.
Turning now to the actual computation of the ﬁssion power
ovariance matrix needed in Eq. (2), it is important to note that
he 40-element fundamental mode vector of ﬁssion powers (or ﬁs-
ion neutron sources) for each of the 40 ATR or ATRC fuel elements
ay  be viewed as a vector of random variables that are correlated
ecause ﬁssion neutrons born in one fuel element can induce new
ssions not only in the same element, but in any other fuel element
s well, although the probability that a neutron born in one element
ill induce a ﬁssion in another element generally decreases with
hysical separation of the two fuel elements. and Design 295 (2015) 615–624
Referring to Eq. (3), it can be seen that if the fundamental mode
ﬁssion source (or power) vector is premultiplied by the ﬁssion
matrix the resulting vector is, by deﬁnition, simply the original
vector with all entries multiplied by k-effective. Furthermore if
the fundamental mode source or power vector is arbitrarily per-
turbed in some manner, then premultiplication of the perturbed
vector by the ﬁssion matrix will force it back toward the original
fundamental mode shape, although a number of iterations may  be
required to converge back to the original vector in applications such
as ATR, where the dominance ratio is fairly large. The above obser-
vations suggest the following stochastic estimation procedure for
constructing the required ﬁssion correlation matrix:
(1) Generate a vector of 40 normally-distributed random numbers
whose mean is 1.0 and whose standard deviation is some nom-
inal small fraction of the mean, e.g. 10%. The fraction speciﬁed
for the standard deviation is arbitrary, but it should be small
enough such that essentially no negative random numbers are
ever produced and at the same time it should be large enough
to avoid round-off errors in the process described below.
(2) Multiply each of the 40 elements of the fundamental mode ﬁs-
sion power vector by the corresponding element of the random
number vector from Step 1. On the average, half of the ﬁssion
power entries that are randomly perturbed in this manner will
increase and half will decrease.
(3) Premultiply the perturbed fundamental-mode ﬁssion power
vector from Step 2 by the ﬁssion matrix and store the resulting
perturbed “ﬁrst-generation” ﬁssion power vector.
(4) Repeat Steps 1–3 a statistically appropriate number of times, N
(e.g. N = 1000), to produce a batch of N 40-element perturbed
“ﬁrst-generation” ﬁssion power vectors.
(5) Compute the 40 × 40 covariance matrix for the elements of
the N 40-element perturbed “ﬁrst-generation” ﬁssion power
vectors using the fundamental deﬁnition of covariance. This
completes an “inner iteration”, producing a statistical estimate
of the ﬁssion power covariance matrix.
(6) Repeat Steps 1–5 many times, tallying a running average of
the covariance matrices that are produced until satisfactory
convergence is obtained. Then compute the correlation matrix
associated with the converged covariance matrix.
(7) Construct the covariance matrix for the a priori powers com-
puted by the modeling code by combining the correlation
matrix from Step 6 with a vector of assumed a priori uncer-
tainties that are to be associated with the a priori power
vector. At this point one could also manually add a fully-
correlated component to the covariance matrix to represent
potential systematic uncertainties (e.g. uncertainty in the total
power normalization of the a priori model) in addition to the
partially-correlated uncertainties that are estimated by the
above procedure.
In mathematical terms this process can be programmed as fol-
lows:
First, deﬁne
⎡
⎢⎢⎢⎢
P01
P02
P
⎤
⎥⎥⎥⎥[PD] = ⎢⎢⎢⎣
03
. . .
P0,NE
⎥⎥⎥⎦
(4)
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matrix to account for correlations, for example from a common cal-
ibration of the detector used to measure the activity of the ﬁssion
wires, if desired. The reduced uncertainties for the adjusted ele-
ment powers in Fig. 5, computed using Eq. (7), ranged from 3.1%J.W. Nielsen et al. / Nuclear Engin
here the diagonal elements of [PD] correspond to the a priori com-
uted fuel element ﬁssion powers and all other entries are zero.
ow deﬁne the matrix of random numbers
R] =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
r11 r12 · · · · · · r1,N
r21 r22 r2,n
...
...
...
...
...
...
rNE,1 rNE,2 rNE,N
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5)
here N is large and each rij is a random number drawn from
 normally distributed population whose mean is 1.0 and whose
tandard deviation is a small fraction of the mean (e.g. 10%). Then
orm the matrix product:
PP] = [PD] [R] =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
pp11 pp12 · · · · · · pp1,N
pp21 pp22 pp2,n
...
...
...
...
...
...
ppNE,1 ppNE,2 ppNE,N
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
(6)
here each column of [PP] is a vector of a priori element pow-
rs perturbed by the corresponding random numbers in the same
olumn of [R].
Now premultiply [PP] by the ﬁssion matrix [F] to obtain a matrix
FPP] of N “ﬁrst-generation” fuel element power vectors corre-
ponding to each original perturbed power vector:
FPP] = [F][PP] . (7)
The elements of the randomly-perturbed power vectors com-
rising [PP] are uncorrelated, but the elements of each of the
orresponding ﬁrst-generation power vectors comprising [FPP] will
e positively correlated by virtue of the fact that a ﬁssion occurring
n one fuel element can cause a next-generation ﬁssion not only
n that element but also in any other element, as quantiﬁed by the
ssion matrix.
Now, recognizing that the N columns of [FPP] are random sam-
les of an “average” ﬁrst-generation ﬁssion power vector [P1]
whose spatial shape can incidentally be shown to be statistically
dentical to that of the original power vector [P0]), the covariance
f the elements of [P1] may  be computed as:
Cov[P1]] = [
DM] [DM]T
(N − 1) (8)
here [DM] is the difference matrix:
DM] = [FPP] − [PD] [U] (9)
nd [U] is an NE-row, N-column matrix whose entries are all 1.0.
Repeat the process described above a number of times, tally-
ng a running average of [Cov(P1)] until satisfactory convergence
s obtained. Then compute the correlation matrix corresponding
o the converged covariance matrix [Cov(P1)] using the standard
eﬁnition. This is the desired fuel element-to-element power
orrelation matrix. Finally, use this power correlation matrix to
onstruct a matrix [Cov(P0)] that corresponds to the actual absolute
ncertainties associated with the elements of [P0] rather than the
rbitrary uniform perturbation used to obtain [Cov[P1]], and then
dd a fully-correlated component to [Cov(P0)] if desired. and Design 295 (2015) 615–624 621
5.3. Solution of the adjustment equations
With the ﬁssion power covariance matrix now available, Eqs.
(1) and (2) can be combined in the usual manner to construct the
covariance-weighted “Normal Equations” (e.g. Meyer, 1975) for the
system, yielding:
BP = AT [Cov (Z)]−1Z (10)
with
B = AT[Cov (Z)]−1A. (11)
Eq. (10) can be solved by any suitable numerical or analytical
method to yield the adjusted element power vector P. The differ-
ence between the adjusted power vector and the a priori power
vector then gives an estimate of the bias of the model, if any, relative
to the best-estimate power vector.
Also, since the solution to Eq. (10) is:
P = B−1AT[Cov(Z)]−1Z (12)
the covariance matrix for the adjusted powers may be computed
by the standard uncertainty propagation formula:
Cov(P) = D Cov(Z) DT (13)
where
D = B−1 AT[Cov(Z)]−1 (14)
The diagonal elements of the covariance matrix for the adjusted
powers can then also be used to estimate the uncertainty in the
difference between the a priori and the adjusted power vectors. It
may  also be noted in passing that the covariance matrix for the
adjusted power vector is also simply the inverse of B.
6. Results and discussion
The a priori and measured power distributions from Fig. 4
are plotted in Fig. 5, along with the adjusted power distribution
corresponding to the measured powers of all 40 elements. The
covariance matrix for the a priori power vector was  computed as
described above and normalized to an estimated a priori uncer-
tainty of 10% (1) for the diagonal entries, based on historical
experience. The covariance matrix for the measured powers was
assumed to have diagonal entries of 5% (1) based on historical
experience and no off-diagonal entries for this example. It is a sim-
ple matter to include appropriate off-diagonal elements in the latterFig. 5. Fuel element power distributions for ATRC Depressurized Run Support Test
12-5. The adjusted power is computed using the measured powers of all 40 fuel
elements.
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Fig. 6. Fission power correlation matrix for the ATRC. The axis numbering corre-
sponds to the fuel element numbers shown in Fig. 4.
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uig. 7. Fission matrix for the ATRC. The axis numbering corresponds to the fuel
lement numbers shown in Fig. 4.
o 3.7%. The correlation matrix associated with the ﬁssion power
ovariance matrix used to compute the adjusted power vector is
hown as a contour plot in Fig. 6. Key off-diagonal structural fea-
ures, such as the correlations between nearby, but non-adjacent,
lements 1 and 10, or Elements 11 and 20, etc. are readily apparent.
he underlying ﬁssion matrix for this example is shown in Fig. 7.
he same general structure is apparent. Note also that the ﬁssion
atrix is not necessarily symmetric, while the ﬁssion correlation
atrix is symmetric by deﬁnition.
Fig. 8 shows the result of an adjustment of the MCNP a priori
ux where only the powers of the odd-numbered fuel elements in
est 12-5 were included in the analysis. This simulates the rela-
ively common ATR practice where only the odd-numbered fuel
lement powers are actually measured, and the power for each
ven-numbered element is assumed to be equal to the measured
ower in the odd-numbered element on the opposite side of the
ame lobe. For example, the power in Element 2 is assumed equal
o the power in Element 9, the power in Element 4 is assumed
qual to the power in Element 7, and so forth around the core.
he often-questionable validity of this assumption depends on the
verall symmetry of the reactor conﬁguration. In the future the
ssumption of symmetry will be replaced by the more rigorous
east-square adjustment procedure described here to estimate the
owers in the even-numbered elements. The reduced uncertain-
ies for the adjusted element powers in Fig. 8 ranged from 3.9%
o 4.3% for the odd-numbered elements and from 4.0% to 5.2%
or the even-numbered elements, demonstrating how signiﬁcant
ncertainty reduction can occur in the adjusted powers even forFig. 8. Fuel element power distributions for ATRC Depressurized Run Support Test
12-5. The adjusted power is computed using the measured powers of only the 20
odd-numbered fuel elements.
elements for which no measurement is included. This is a result of
the weighted interpolation effect provided by the element power
covariance matrix.
Economizing on the number of measurements even further,
Fig. 9 shows an adjustment where only the measured powers for
Elements 8, 18, 28, and 38 were included in the analysis. This
arrangement simulates another ATR protocol that is sometimes
used because these elements are representative of the highest-
powered elements in each outer lobe. In this case the reduced
uncertainties for the adjusted element powers ranged from 4.4%
to 4.5% for Elements 8, 18, 28 and 38, from 6.6% to 7% for the imme-
diately adjacent elements and up to 9.9% for the elements that were
the most distant from the elements for which measurements were
made. It is notable here that some uncertainty reduction occurs
even for the most remote fuel elements.
Fig. 10 illustrates another possible use of the techniques devel-
oped in this work. The ATR has an online lobe power measurement
system but it does not have an online system for measurement of
individual fuel element powers. Measurements of individual ele-
ment powers currently can only be done by the rather tedious
ﬁssion wire technique described earlier. The least-squares method-
ology outlined here also offers a simple, but mathematically
rigorous, approach for estimating the ﬁssion powers of all 40 fuel
ATR fuel elements and their uncertainties using the online lobe
power measurements as follows:
In the case of Fig. 10 the online lobe power measurements are
simulated by the ﬁssion wire measurements used for the previous
examples. The ﬁrst ﬁve rows of the matrix on the left-hand side
of Eq. (1) describe the ﬁve simulated online lobe power measure-
ments. These rows each contain entries of 0.125 on the left-hand
side for the eight (8) elements included in the lobe corresponding
to that row and entries of zero elsewhere. The right hand side of
each of these ﬁrst ﬁve rows contains the average of the measured
powers from the ﬁssion wires for the lobe represented by that row.
For example the ﬁrst row (Lobe 1) contains entries of 0.125 for
elements 2 through 9, and the average of the measured powers for
elements 2 through 9 appears on the right hand side, and so forth for
the other lobes. The reduced uncertainties for the adjusted powers
shown in Fig. 10 for the 40 elements range from 6.4% to 8.3%.
The results shown in Fig. 10 thus illustrate a practical applica-
tion where the powers for each ATR lobe that are measured online
could be entered into Eq. (1) each time they are updated (every few
seconds), and a corresponding estimate for all of the individual ele-
ment powers could be immediately produced. Of course the a priori
power vector would need to be recalculated regularly as the core
depletes, control drums rotate, and neck shims are pulled during
a cycle. This could however be automated to a large extent, and it
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Fig. 9. Fuel element power distributions for ATRC Depressurized Run Support Test 12-5. 
and  38 only.
Fig. 10. Fuel element power distributions for ATRC Depressurized Run Support Test
12-5. The adjusted power is computed using the measured powers of the ﬁve core
lobes.
Fig. 11. Comparison of a priori element powers (MCNP5), the adjusted element
powers based on the measured lobe powers formed from the original detailed fuel
element power measurements, and the actual detailed element power measure-
ments.The adjusted power is computed using the measured powers of elements 8, 18, 28
should ultimately be quite practical, for example, to update the a
priori power vector from the model at least daily and perhaps even
hourly.
Finally, Fig. 11 shows a comparison of the a priori element pow-
ers and the adjusted element powers based on the lobe power
measurements (Fig. 10) with the original detailed 40-element mea-
sured power data. Recall that the adjusted powers in this ﬁgure are
based only on the measured lobe powers that were pre-computed
by averaging the detailed element power measurements for each
lobe. It is interesting to note that the adjusted power distribution
curve still recaptures a signiﬁcant amount of the detailed shape
change relative to the a priori power distribution, even though the
details in the measured power distribution were largely averaged
out when computing the simulated measured lobe powers used
for the adjustment. The covariance matrix plays a key role in this
process.
7. Conclusions
In summary, this paper presents a relatively simple but effec-
tive ﬁssion-matrix-based method for generating the required fuel
element covariance information needed for detailed statistical vali-
dation and best-estimate adjustment analysis of ﬁssion power
distributions produced by computational reactor physics models of
the ATR (or for that matter, any other type of reactor). The method
has been demonstrated using the MCNP5 neutronics code but it can
be used with any other Monte Carlo neutronics simulation code as
well as with any deterministic neutron transport code that pro-
vides a sufﬁcient level of spatial, angular, and energy resolution
within each ﬁssioning region of interest. Analyses of this type are
useful not only for quantifying the bias and uncertainty of com-
putational models for a speciﬁc measured reactor conﬁguration of
interest, but they also can serve as guides for model improvement
and for estimation of a priori modeling uncertainties for related
reactor conﬁgurations for which no measurements are available.
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